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dangerous. The addit ion of 3 to 5 lbs. of l i tharge to 
a 100-gal. batch of paint,  where l i tharge can be tol- 
erated, will serve as an antidote. Li tharge is excep- 
t ionally effective in carbon-black paints. 

Calcium or zinc naphthenate  will help with white 
paints  while iron naphthenate  will do a good job 
with carbon blacks and iron oxides. 

There are some p ropr ie t a ry  products  on the mar-  
ket that  claim to diminish loss of d ry  by acting as 
feeder driers, such as Nuact  Paste, which contains a 
minimum of 44% lead. Cobalt HR-254, a paste com- 
pound containing 21.0% cobalt as metal, has been 
recommended as an addit ion to inhibit  loss of d ry  in 
lead-free systems (17). Cobalt hydrate ,  a d ry  pow- 
der with a cobalt metal  content of 62%, is beginning 
to find favor  for similar purposes (18). Another  
catalyst, nonmetallic in composition, is Aetiv-8. I t  is 
composed of o-phenanthroline, 2-ethylhexoic acid, and 
n-butanol and is extremely expensive compared to 
s tandard  driers. But  it is claimed tha t  only minute  
amounts are needed to activate other driers. I t  seems 
most effective with manganese and cobalt (19). None 
of these " f e e d e r  d r i e r s "  actually replace the normal  
amounts of driers needed. 

Conclusion 
Research is constant for  bet ter  driers. I t  may  be 

recalled that  t r ie thylamine is used as a catalyst  for 
a i r -drying of epon resins. Other studies have un- 
covered amines which prevented excessive loss of 
dry ing  on aging in certain pigmented vehicles and 
have boosted the efficiency of the other drier metals 
(20). In  1958 a patent  was granted  to a drier  accel- 
erator  composed of " e i t he r  iron, lead, or manganese 
soap and various amines"  (21). To show how exten- 
sive this research is, some of the many  projects  are 
reported.  

An oil-soluble heroin oleate which worked well as a 
catalyst  (in linseed oil) was produced and was par-  
t icular ly active in pigmented systems; of course, 
hemin is obtained only at  a prohibit ive price. 

Work  has been directed toward complexes (combi- 
nations) synthesized around a central  metal. This is 
a eostly proposition. There are other restrictions 
besides economies, on the uses of complexes. Cobalt, 
for  example, has resisted improvement  by complex- 
ing. The relationship between a complex drier  and 
the components of an oleoreSinous system is less pre- 
dictable than when the eonventional driers are used. 
Occasionally a product  of different physical charae- 
teristics has resulted f rom the use of a complex (20). 

I t  has also been noted that  pure  chlorophyll  acts 
as a drier  and anti-skinning agent  in linseed oil (22). 
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Drying Oils m Varnishes 
A. E. RHEINECK, North Dakota Agricultural College, Fargo, North Dakota 

O 
UR EARLY K N O W L E D G E  o f  v a r n i s h e s  (1) i s  d e r i v e d  

f rom documentary  evidence and preserved speci- 
mens which have come through the ages not nec- 

essarily in their  original form. The surviving records 
are heterogeneous and have been subjected to changes 
brought  about by the wr i te rs '  whims and idiosyn- 
crasies. These include recipes and various descrip- 
tions of coatings and works of art.  

The early artists painted with oleoresins, linseed 
oil, gums, glue, and the like. The use of oil varnishes 
and resins is described by Theophilus in the l l t h  
century. In  the 9th century Erael ius described a pre- 
para t ion  of linseed oil t reated with lime and litharge. 
These finishes were used largely on works of art ,  the 
t rade for which was s t imulated by  the prosper i ty  of 
the era. The Van Eyeks are generally credited with 
being the f i rs t  to realize the advantages  of oil media 
and were the first to use oils on a large scale. 

Varnishes found uses in larger  volume in fu rn i tu re  
and home finishing in the 16th century.  In  this period 
the way of European  life changed, and people took 
more pride in home decoration and consequently de- 

manded more finishes. Dur ing  this same period highly 
finished ar t  objects were being introduced f rom the 
Orient. These were known as lacquer ware. In  1773 
the first p r in t ing  of Wa t in ' s  book on the subject of 
coatings appeared.  I t  contained innumerable  formu- 
lae on varnish making, some of which are not too fa r  
different f rom those in use today. 

The 18th and 19th centuries were the beginning of 
our modern varnish era. Wi th  the tu rn  into the 20th 
century China wood oil (2) was introduced, followed 
by phenolic resins, one of our first synthetics. 

I t  is not uncommon today to find references in the 
l i terature  in which violin makers  are much concerned 
about duplicat ing the finishes used by the old I ta l ian  
masters. Appa ren t l y  our modern  varnishes omit cer- 
tain propert ies  desired by  them. 

Definition of Varnish 
Historical ly varnishes have been discussed in gen- 

eral terms. However,  to clar ify any discussion of dry- 
ing oils and varnishes, it is imperat ive that  the te rm 
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varnish should be defined. This is especially t rue in 
today ' s  ever-changing coatings technology. 

The definition of varnish is not the same today as 
it was years  ago. The old varnishes are defined as be- 
ing solutions or mixtures  of drying oils and varnish 
resins, which are usually combined by a cooking proc- 
ess and then thinned to a workable viscosity with a 
volatile solvent. Fu r t he r  the varnish should d ry  to 
form continuous serviceable films by oxidation or 
polymerization or both. 

The solubility of a resin and oil is often mentioned. 
"Solubi l i ty"  in this instance is a broad te rm and 
means a t rue solution or a dispersion of resin in oil. 

Within  recent years  the te rm " v a r n i s h "  has be- 
come generic to a broad class of coatings. I t  is not 
uncommon to find alkyd resins called varnishes. The 
te rm has fu r the r  broadened to include oil-modified 
urethane coatings, polyester finishes, copolymer oils, 
hydrocarbon polymers,  polymerized terpenes, deear- 
boxylated rosin derivatives, silicon polymers,  vinyl  
and acrylic esters, and esters based upon epoxy resins. 
As a class, this type of coatings materials  derives its 
name not f rom the chemical composition, but f rom the 
end uses, general appearance,  and performance  char- 
acteristics, all of which are comparable to the classi- 
cal varnishes. 

Other papers  in this symposium cover several of 
these coatings materials  in greater  detail. The subject- 
mat te r  of this paper  will therefore adhere more closely 
to the compositions required by the classical defini- 
tion. F igure  1 i l lustrates the prepara t ion  of a classi- 
cal varnish (3).  

VARNISH 
AS DEFINED 

- OILS 
f HARD 

SOFT 
CHEMICALLY MODIFIED 

i 
R E S I N S  [ NATURAL 

SYNTHETIC [ REACTIVE 
NON-REACTIVE 

T H I N N E R S  

ALIPHATIC 
AROMATIC 
TERPENIC 

D R I E R S  
FIG.  1. C o m p o s i t i o n  o f  c l a s s i c a l  v a r n i s h e s .  

With the advent  of closed-kettle, a lkyd resin proc- 
essing in the late 1930's the cooking of varnishes 
turned  to a revised fo rm of combining the oil and 
resinous components. In  this " u n i p h a s e "  or the in 
situ process the base oil components, polyol and f a t t y  
acids, and the base varnish resin components, a rosin, 
polyol, and modifiers like alpha-beta ethylenic diear- 
boxylic acids and /o r  phenolic sirups, are changed to 
the reaction kettle in a definite order, cooked, and 
thinned to the desired viscosity (F igure  2). Essen- 
t ially the final varnish of this reaction system is com- 
posed of the same basic raw materials  as those shown 
in F igure  1, but  there are in some instances differ- 
ences in final performance characteristics. Economics 
and available kett le-capacity favored the conditions 
for  the in situ process. 

T A B L E  I 

N a r d  Resins  P r o d u c e d f o r  U s e i n  Pro tec t ive  Coat ings  (4) 

Year  

1941 ............................. 
1942 ............................ 
1943 ............................ 
1944 ............................ 
1945 ............................ 

Thousand  pounds  

Phenol ic  b 
all types 

34,230 
21,009 
15,519 
10,296 
39,210 

]~esin esters r 

Unmodi f ied  Modified 

65,977 
1946 ............................ 
1947 ............................ I 
1948 ............................ 
1949 ............................ 
1950 ............................ 
1951 ............................ 
1952 ............................ 
1953 ............................. 
1954 ........................... 
1955 ............................ 
1956 ............................ 
1957 ............................ 

28,698 
22,078 
57,640 
40,483 
46,355 
43,914 
43,277 
28,210 
22,970 
28,501 
27,664 
46,759 

69,266 35,373 
70,496 39,862 

55,192 4,750 
63,413 10,950 
62,985 9,290 
59,546 9,099 
39,396 63,996 
40,510 54,959 
37,591 63,378 
33,001 62,299 
32,428 28,540 

Total  

34,230 
21,009 

105,187 
133,337 
132,436 
141,474 a 
100,425 
120,718 
116,189 
111,922 
162,268 a 
148,541 a 
162,920 a 
160,564 a 
107,727 

a Inc ludes  others in  addi t ion  to those listed. 
b Inc ludes  unmodif ied  and rosin-modified. 
c I n  some cases phenolic-modified are included 

as phenolics.  
when not  repor ted 

Present Trends 
The trends in the coatings indus t ry  are away f rom 

the uses of varnishes p repared  as defined and are very  
definitely focused into new areas. Consequently there 
is not much new work on classical varnishes to be 
found in the l i terature  over the last 15 years. 

VARNISH 
IN SITU 

I OIL OR FATTY ACIDS 

- O I L  C O M P O N E N T S  POLYOLS 
MODIFYING ACID 
CATALYST 

f ROSIN 
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MODIFYING ACID 
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FIG.  2. C o m p o n e n t  p a r t s  o f  in  s i tu  o r  " u n i p h a s e "  v a r n i s h e s .  

The consumption of all d ry ing  oils is repor ted by  
government  agencies as the total  used in paints  and 
varnishes. Consequently it is difficult to arr ive at fig- 
ures on oils used only in varnishes. Tung oil is the 
only dry ing  oil which can be assumed to be used 
largely in varnishes and enamel vehicles. Linseed, 
safflower, and soybean oils find their  main uses in 
alkyd resins and paints. 

The volume of oil used in varnishes can be approx-  
imated f rom figures on the consumption of such hard  
resins as the unmodified and modified phenolic resins, 
rosin esters, and na tura l  resins as eopal, Kauri ,  and 
the like. The impor t  of the copal and Kaur i  types  is 
now less than  10 million pounds annual ly  and will 
not be considered in this discussion. 

The figures in Table I, compiled f rom the Tariff  
Commission Reports  (4),  show the consumption of 
phenol and rosin esters used in t h e  protective coat- 
ings indus t ry  for  the period 1941 to 1957. The totals 
do not show any growth, ra ther  seem to indicate a 
diminishing volume when compared to the popula- 
t ion-growth curve. 
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The oil consumption in varnishes is some funct ion 
of the hard resin weight.  As an example, it can be 
assumed that the average varnish is about 25 gal. in 
length. This means that the total oil used in varnishes 
is about twice the weight  of hard resins recorded in 
Table I. This might  be interpreted to mean that, in 
1957, 215 mil l ion pounds of oil were used in hard 
resin varnishes by the drying oil industries. This is 
about 20% of the total weight  of drying oils produced, 
and of this volume about 35-40 mill ion pounds were 
tung oil (5) .  

There has also been a downward trend in rosin 
consumption by the coatings industries as reflected 
by the data of Table II. This trend may result from 
a shift away from the in situ varnish type of process- 
ing. There is no way of determining the quantity  of 
oil consumed in these varnishes. 

T A B L E  II 

C o n s u m p t i o n  of tr Exc luding'  I t s  E s t e r s  b y  the  Pa in t ,  
V a r n i s h ,  and  L a c q u e r  I n d u s t r y  ( 6 )  

Y e a r  Mil l ion lbs. Year  Mil l ion lbs. 

1 9 4 0  . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 4 1  . . . . . . . . . . . . . . . . . . . . . . . . .  
1942  . . . . . . . . . . . . . . . . . . . . . . . . .  
1943  . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 4 4  . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 4 5  . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 4 6  . . . . . . . . . . . . . . . . . . . . . . . . .  
1947  . . . . . . . . . . . . . . . . . . . . . . . . .  
1948  . . . . . . . . . . . . . . . . . . . . . . . . .  

65 .7  
90 .6  
68 .7  
65 .7  
69 .2  
52 .7  
59 .0  
58 .6  
57 .5  

1 9 4 9  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 5 0  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1951  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1952  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1953  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 5 4  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1955  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 5 6  . . . . . . . . . . . . . . . . . . . . . . . . . .  
1 9 5 7  . . . . . . . . . . . . . . . . . . . . . . . . . .  

48 .5  
53 .3  
41 .9  
40 .7  
38 .7  
35 .2  
33 .7  
38 .1  
30 .6  

The "away-from-varnishes"  trend started in the 
late 1930's. Up to this time China wood oil was the 
important  varnish oil. In 1940 its rate of use amounted 
to 120 mil l ion pounds per year (2) .  Al though the 
unavailabi l i ty  of this oil from the Orient was antici- 
pated, the tung plantings started in the Gulf states 
in the late 1920's and early 1930's were too young  to 
cope with the demand. This forced the industry to 
look elsewhere for new varnish materials and varnish- 
like vehicles. 

In this same period rapid strides were being made 
in alkyd resin technology;  consequently some alkyd 
resins were a logical substitute for the classically 
prepared varnishes. It was also in this era that the 
in situ process began with the replacement of the 
China wood oil in varnishes by drying oil fa t ty  acids, 
glycerol, and maleie anhydride.  

The growth of alkyd resins (Table III )  from 1941 
to 1952 is in keeping with the population growth 
curve, but from 1952 to 1957 the volume seems to be 

T A B L E  I l I  

Alkyd  l~es ins  P r o d u c e d  for U s e  in P r o t e c t i v e  Coat ings  ( 4 )  

T h o u s a n d  p o u n d s  

Y e a r  

1941  .. . . . . . . . . . . . . . . .  
1 9 4 2  .. . . . . . . . . . . . . . . .  
1943  .. . . . . . . . . . . . . . . .  
1 9 4 4  .. . . . . . . . . . . . . . . .  
1 9 4 5  .. . . . . . . . . . . . . . . .  
1 9 4 6  .. . . . . . . . . . . . . . . .  1 6 6 , 3 5 0  
1 9 4 7  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 9 4 8  . . . . . . . . . . . . . . . . .  1 7 9 , 2 9 2  
1 9 4 9  . . . . . . . . . . . . . . . . .  1 9 5 , 4 7 4  
1 9 5 0  .. . . . . . . . . . . . . . . .  2 5 0 , 4 4 4  
1 9 5 1  .. . . . . . . . . . . . . . . .  2 6 0 , 8 3 3  
1 9 5 2  .. . . . . . . . . . . . . . . .  2 5 5 , 2 0 0  
1953  .. . . . . . . . . . . . . . . .  2 8 6 , 5 7 8  
1 9 5 4  .. . . . . . . . . . . . . . . .  2 8 6 , 7 5 1  
1 9 5 5  ... . . . . . . . . . . . . . .  3 2 5 , 5 1 6  
1 9 5 6  .. . . . . . . . . . . . . . . .  2 8 7 , 8 2 l  
1 9 5 7  .. . . . . . . . . . . . . . . .  3 1 4 , 4 3 4  

:Phthalic Po lybas ic  A c i d  

Unmodi f i ed  Modif ied U n m o d i f i e d  Modif ied 

1 2 4 , 2 8 7  
8 9 , 2 0 0  

1 5 3 , 6 1 4  
1 2 7 , 0 8 3  
1 3 5 , 8 3 3  

2 1 , 6 8 1  

5 9 , 9 7 5  
6 7 , 6 5 4  
8 2 , 5 3 9  

1 0 7 , 5 1 9  
1 0 0 , 6 9 7  
1 0 2 , 5 9 3  

9 4 , 2 9 2  
1 2 9 , 0 3 1  
1 0 3 , 9 8 9  
1 1 8 , 0 9 4  

1 5 , 4 5 1  

4 3 , 3 7 4  

1 7 , 2 3 3  
4 7 , 7 1 2  

4 , 6 3 4  3 5 , 6 3 6  
1 0 , 9 2 3  4 2 , 3 7 3  
1 5 , 6 4 1  5 3 , 3 4 0  
12 ,343  5 9 , 8 9 0  
1 1 , 8 0 8  5 4 , 5 0 2  
1 1 , 3 6 0  9 , 5 3 1  
1 5 , 6 4 6  1 3 , 3 2 2  
2 5 , 5 7 9  1 1 , 4 6 9  

8 ,531  1 2 , 2 9 1  
7 ,551  1 9 , 2 4 0  

Totals  

1 3 9 , 7 3 8  
154~899 a 
1 9 6 , 9 8 8  
1 2 7 , 0 8 3  
1 5 3 , 0 6 6  
2 3 5 , 7 4 3  
3 0 2 , 9 4 1  
2 7 9 , 5 3 7  
3 1 6 , 4 2 4  
4 0 1 , 9 6 4  
4 4 0 , 5 8 5  
4 2 2 , 2 0 7  
4 1 0 , 0 6 2  
4 1 0 , 0 1 1  
4 9 1 , 5 9 5  
4 1 2 , 6 3 2  
4 5 9 , 4 3 3  

a I n c l u d e s  others  not  l isted. 

holding constant at between 440 and 460 mill ion 
pounds per year. The lack of growth increase in the 
last five years may be attributable to the growth in- 
crease in other coatings compositions, such as the 
vinyls,  acrylates, epoxy resins, and others. 

It is too early to state their volume at present, 
but  there are two oil-based products which will  no 
doubt find an important  place in the coatings in- 
dustry. These are the urethanes as described by 
Renfrew et al. (7) and Stanton (8) (F igure  3) and 
the epoxidized and polymerized drying oil products 
as described by Findley  (9) and Greenlee (10) (Fig-  
ure 4) .  Originally these were two package systems, 
but at present this is not necessarily the case. 
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These newer types of coatings no doubt prompted 
Kittle  (11) in 1956 to introduce the term "React ion 
Varnishes ." Specifically these are two component  
systems in which a reaction takes place in the film, 
namely polyisoeyanates (urethane coatings) ,  ethoxy- 
lenamine adducts, and unsaturated polyester resins. 
However  at present these are one-component systems. 

It should be pointed out that today oleoresinous 
varnishes are still used but in a diminished volume. 
They are the vict im of the progress of our time. 

Varnish Oils 

Oils used in varnishes comprise two classes, namely,  
those known as "sof t  oi ls" with isolated ethylenie 
groups, fish, linseed, safflower, tobacco seed, and soy- 
bean ; and the "hard  oi ls" with conjugated ethylenic 
groups, tung, oiticica, and dehydrated castor. The 
last-mentioned has properties intermediate between 
the " h a r d "  and " s o f t "  varieties. Some chemically 
modified oils are also included. The in situ process 
requires the above oils and their fat ty  acids, includ- 
ing the rosin-containing and rosin-free tall oils. 

The "hard,  soft, and chemically modified" oils 
may  be used as a single oil component  in a varnish. 
Alternately  they may be used as a blend at the begin- 



NOVEMBER, 1959 RttEINECK: DRYING OILS IN VARNISHES 577 

ning of a cook or added as a "chill-back" oil. Usually 
" s o f t "  oils are used in the latter.  When " s o f t "  oils 
are the only oil, it is preferable  to use them in a pre- 
bodied form. 

Tung Oil. This oil possesses certain inherent  ad- 
vantages not found in other oils, namely, fast  kett l ing 
time, the format ion of end products  with desirable 
propert ies  when correctly processed with the proper  
resins. The disadvantage is the format ion of a frosted 
film when dried in a foul a tmosphere;  correct process- 
ing will obviate this. Tung oil and its varnishes were 
therefore taken as a s tandard  of comparison dur ing 
the period when substitutes were being sought. 

The years 1938 to 1945 were critical for  the var-  
nish maker.  The specific oils and products  to which 
he turned are described subsequently. Conclusions 
f rom this work at that  t ime caused people to say 
" t h e r e  is no substitute for China wood oil, they are 
merely replacements ."  

Oiticica Oil. A semi-solid, green-colored, oitieiea 
oil was introduced into this country  f rom Brazil  in 
the late 1930's. Since it resembles China wood oil 
quite closely, it was considered as a substitute. Var-  
nishes made with this oil were more bri t t le  and shorter  
than  tung" oil varnishes of the same length. The 
weathering characteristics of these early varnishes 
were poor. Three reasons may  have been responsible 
for  this, namely, the quali ty of the oil, processing 
temperature ,  and the composition of the oil. 

The present  oitieica oil is an amber liquid. This is 
known as "C ico i l , "  to distinguish it f rom the original 
semi-solid type. Lower processing tempera tures  are 
now recommended.  With  modified phenolic resins 
(12) the oil and resins should be cooked at 230- 
240~ and with the less reactive resins 250-260~ 
is suggested (13). Blends with dehydra ted  castor oil 
will overcome film brittleness. The embri t t l ing char- 
acteristies are no doubt caused by the presence of the 
ketone group in its main component acid since it is 
known that  oitieiea acids can be resinified (14). 

Dehydrated Castor Oil. Dehydra ted  castor oil was 
made by a number  of different processes (15), but  its 
varnishes, al though color-retentive, never  dried as 
hard  as desired; in some eases varnish fihns showed 
syneresis on aging. This difficulty was corrected by 
the addition of various components to these varnishes 
as described by Wilson (16), or by the addition of 
oiticiea oil. 

Copolymer Oils. The linseed-cyclopentadiene co- 
polymer oil was a tung oil substitute that  was good. 
However, in general, the initial color was darker.  

Chemically Modified Oils. In  order to make accept- 
able varnish oils and, in general, oils with improved 
dry ing  characteristics, t he - "  soft  o i ls"  were modified 
with maleic anhydr ide  or other a~pha-beta ethylenic 
acids. These oils as a class are known as Clocker oils 
(17) or sometimes as nonphthal ic  long-oil alkyd 
resins. This method of upgrad ing  has been used ex- 
tensively on linseed oil, especially soybean oil. 

These products  can be considered as oils which are 
chemically combined with a maleic acid polyhydric  
alcohol ester. This immediately suggests two methods 
for their  preparat ion.  Clocker 's  process adds the 
maleic anhydride  direct ly to the oil and this is ester- 
ified with a polyhydric  alcohol, glycerol or a penta- 
erythritol .  In  emulsion oils and varnishes, ammonia 
or an amine is used in place of the polyhydric  alcohol. 
In  the a l ternate  process (18) the oil is first alcoholized 

with the polyhydric  alcohol and basic catalyst., then 
esterified with maleie anhydride.  

This technique has been useful  and economical for 
convert ing soybean oil to an oil resembling linseed in 
properties.  Similar ly  linseed oil, in some instances, 
acquires some propert ies  inherent  in tung oil. In  the 
fo rmer  the maleie modifea t ion  is 5% and in the 
la t ter  about 10 12% when esterified with glycerol (15). 

In  terms of funct ional i ty  this means tha t  about 
5% maleic anhydr ide  (based on the oil), as the 
glycerol ester, is equivalent to the difference in iodine 
value between linseed and soybean oils of 45-50 or 
about one-half of the equivalent ethylenic group. 
Since modification and iodine values are based on 
100 par ts  of oil, approximate ly  0.05 mole of glycerol 
maleate is equivalent to about 0.5 mole of ethylenie 
groups. 

In  one mole of linseed oil there are about six iso- 
lated ethylenic groups as compared to about  7 to 7.2 
conjugated ethylenie groups in a mole of tung  oil. 
Hence linseed oil modified with 10% maleic anhydride  
is about the same as 0.1 mole glycerol maleate, which 
is about equivalent to one ethylenic group per  mole 
of oil. This appears  to be in agreement  with the 
soya-linseed equivalence mentioned above but  does not 
take into account the increased funct ional i ty  mani- 
fested in tung oil by vir tue  of the conjugation. The 
additional funct ional i ty  equivalent to tha t  due con- 
jugat ion cannot be at tained by  addit ional maleie 
modification, hence the lack of complete equivalence 
of maleie-modified linseed and tung  oil. 

Nonglycerol Oils. I t  is a well-known fact  in oil 
chemistry that  improved propert ies  may  be obtained 
by replacing the glycerol with other polyols of in- 
creased hydroxyl  functionali ty.  To i l lustrate this 
point, linseed oil is taken as a control. This oil has 
an average iodine value of about 180 or the equiva- 
lent of two isolated ethylenie groups per f a t t y  chain. 
I t  dries to a soft film with a characteristic "o i l  t ack . "  
Soybean oil, with an iodine value of about  130, or the 
equivalent of 1 � 8 9  ethylenic groups per f a t t y  acid 
chain, forms a soft " c h e e s y "  fihn. However  the same 
soya f a t t y  acids esterified with monopentaerytbr i to l  
form a dried film about equivalent to a linseed film. 
This suggests the following funct ional i ty  relation- 
ship: 

=~ No. of polyo] hydroxyl groups functionality product 
t • No. of ethylenie groups 

The " func t iona l i t y  p r o d u c t "  for an oil equivalent 
to linseed is 6. For  most oil work this relationship 
seems to hold fa i r ly  well. Based on the iodine value 
difference between linseed and soybean oils, 45-50, 
the funct ional i ty  concept may  be stated in another  
way, namely, one half of ethylenic equivalent is 
probably  equivalent to one hydroxyl  group. 

Polyvinyl  oleate made by the phenol technique 
(19) substantiates this relationship since it dries to 
a film of fa i r  quality. 

This can be taken a step far ther ,  and one can 
speculate that  an oleate of a polyol with 6 or more 
hydroxyl  groups should be a film-former. Actual ly  
such an oleate has some film-forming characteristics. 

This general concept is fu r the r  and ap t ly  demon- 
s t rated by  Greenlee (20) with esters of epoxy resins. 
In  this instance these resins are considered as highly 
funct ional  polyols. Table I V  i l lustrates the relation- 
ship existing between the number  of ester groups in 
the final product  and the nmnber  of ethylenie groups 
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in the f a t t y  portions of the molecule to obtain prod- 
uets with essentially identical 24-hr. dry. The func- 
t ionali ty product  derived in this instance agrees well 
with that  obtained on the oils. 

TABLE I V  
R, e lat ionship Between Polyol and Ethylcnie  Func t iona l i t y  of 

Epoxy-Resin  L i n s e e d / S t e a r i e  Acid Es te rs  (20)  

Mols acid per  
mole alcohol 

L i n s e ~  Stearie  

3 1.5 
3 4.2 
3 5.2 
3 6,5 
3 6.9 
3 8.3 
3 9.0 

No, of ester 
chaius  per 
molecule 

4,5 
7.2 
8.2 
9,5 
9.9 

11.3 
12,0 

Av. No. of 
eghylenic 

groups  

1.36 
.85 
.75 
.64 
.62 
.54 
.51 

Func t iona l i t y  
p roduc t  

6.12 
6,12 
6.15 
6,06 
6.14 
6.10 
6,12 

Results in the early work with pentaerythr i to l  i~ 
situ processing were encouraging to varnish makers. 
Consequently this polyol has found a definite place in 
several areas in the coatings industry,  especially tall 
oil esters. 

Isomerized Oils. Attempts  have been made to dupli- 
cate the tung oil s t ructure  in other oils. The processes 
that  have been used to produce the tung  type  of struc- 
ture  in linseed oil have been reviewed (15). With  
linseed and dehydra ted  castor oils the tung s t ructure  
is only approached while with soybeall oil a different 
oil was produced. The first two oils did show some 
improved propert ies  as varnish oils, but the improve- 
ments were never as great  as anticipated. 

Table V indicates the composition of the above oils 
(15). These data show that  it is theoretically inlpos- 
sible to produce the desired tung s t ructure  f rom soft 
oils without another reaction to increase the oil un- 
saturation. No good practical  process is known at 
this time. 

T A B L E  u 
Composi t ion of Oils Compared with China Wood  Oil (55)  

c~ Various acids 
Sat. _ _ _  _ _  Total  

Oil 5Iono- I Diole- I T r i o l e - I  the~ 
olefinie finic finic conj. 

Soyb . . . . . . . . . . . . . .  - -  13 2 ~  ~ -  ~ 59 
Linseed ........................... ] 10 22 17 51 68 
Dehydrated castor .......... 7 87 3 90 
China wood ..................... 5 I 8 I 4 I 83 ~ I 87 

a Actual  composition. 

All the methods and products  suggested above as 
well as others (15) of lesser importance were used 
and tried. Each fulfilled its purpose in its time. 
Today dehydrated castor oil, eopolymer oils, and 
oitieiea oil are in limited use while tall oil and polyols 
of increased funct ional i ty  are finding an e~er-inereas- 
ing market .  

Varnish Resins. The types of resins conforming to 
the accepted varnish definition are, in some cases, 
quite difficult to just i fy.  The ar t  and technology 
recognize the na tura l  resins and the synthetic resins 
mentioned in Table I. Alkyd resins are excluded since 
the resinous components are formed dur ing the cook- 
ing process. 

Epoxy  resins might be included with varnish resins. 
Essential ly they are highly functional  resinous poly- 
ols and are used as such with f a t ty  acids. Tess (21) 
evaluated these resins in the conventional varnish 
technique but  conchlded that  these products  were not 
as good as their  esterification products.  

Varnishes. The ul t imate p roper ty  to be achieved in 
any varnish is a high molecular weight, either by 
chemical or physical interaction or both, of oil and 
resin with such propert ies  as drying time, film hard- 
ness, chemical resistance, and the like related to the 
amounts  and functionalit ies of the basic components. 

Oils and resins are unsa tura ted  esters of high 
molecular weight. Two types of chemical reactions 
are possible, namely, ester interchange and a carbon- 
to-carbon ethylenie polymerization. Physical  disper- 
sion of one component in the other is also a possibility. 

Varnish reactions are not as well known as alkyd 
resin chemistry. The former  are difficult to measure 
whereas a var ia t ion in stoiehiometrie relationships of 
alkyd resin component controls and predicts  the 
propert ies  of the product.  

In  the early stages of the varnish-cooking process 
the oils serve as resin solvents. This proper ty  is 
direct ly related to their degree of unsa tura t ion ;  tung 
oil is the best and unbodied soybean the poorest. 
When the " s o f t  o i ls"  are bodied, the trend is re- 
versed. The solvency power increases f rom bodied 
soybean oil to bodied linseed oil. 

The physical effect resins have on oils is related to 
their  softening points. This varies with the degree 
of maleic anhydride  and/or  phenolic modification. 
The drop-method, softening point of varnish resins, 
as a class, varies about 90 ~ to 170~ as the modifica- 
tion, molecular complexity, and molecular weight of 
the resins increase. The effect of increasing resin 
molecular weight on oil and /o r  varnish viscosity is 
i l lustrated by the data in Table VI.  In  this case 

T A B L E  ~rI 
Rela t ionship  of Res in-Sof ten ing  Po in t  and O i l / R e s i n  

Solut ion Viscosi ty in 2 / 1  Rat io  

Viscosi ty o i l / r e s i n  solution 
Sof tening po in t  of res in  (~ 

Stokes G a r d n e r  

90 ................................................................ 3.7 O 
512 ................................................................ 6.0 T-U 
535 ................................................................ 16.8 X-Y 
158 ............................................................... 150.0 Za 

alkali-refined linseed oil and resin, in proport ions for 
a 25-gal. varnish (2 par ts  oil and 1 par t  resin) were 
mixed and heated only to effect solution. The vis- 
eosity of these solutions increases with resin-softening 
point, thus indicat ing the immediate beneficial effects 
as related to the degree of resin modification and not 
oil carbon-to-carbon polymerization. I f  bodied oils 
are used in lieu of alkali-refined linseed oil, the effect 
is more pro:nounced. I f  the oil has a viseosity of 9,5 
stokes and the resin a softening point  of greater  than  
125~ the oi l / resin mixture  is solid at room tem- 
perature .  

Powers (22) has shown tha t  variable amounts of 
oil and rosin will react to form a mixed rosin-fa t ty  
acid and glycerol ester and free fa t ty  acids reaching 
an equilibrium with free rosin always present.  Resins 
and oils also interchange. Powers verified this by 
cloud-point data. Montequi and Morales (23) used 
" m i l d "  and "s trenuous"  saponification methods and 
concluded f rom the i r - expe r imen t s  that  the inter- 
change reaction did take place. 

Most of the hard  resins in use today are esterified 
with the aid of basic catalysts, such as zinc, l i thimn, 
lead, and calcium as their  oxides, hydroxides, and 
organic salts. These convert  to the resinates dur ing 
the resin-cooking process. The same catalysts are also 
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FIe-. 5. Reaction of phellolie resins and oils, where R and R" 
are other parts of the oil molecule. 

used in the aleoholysis of oils, such as the reaction 
of oils and glycerol or pentaerythri tol  in the first 
s~eps in alkyd-resin synthesis. I t  is therefore very 
probable that these catalysts aid in an oil-resin inter- 
change reaction, a much desired proper ty  in a varnish. 

A varnish with a rosin ester is not likely to have a 
reaction between the oil and resin ethylenie groups 
to form a carbon-to-carbon linkage. I t  is possible 
that the fa t ty  radicals do react at these groups to 
form homopolymers, as is evident from varnish- 
analysis data. 

The chemistry of earlier varnishes which were 
based on " f u s e d "  or " r u n "  natural  resins was not 
understood; it was an art. In  the light of what is 
known today, it may be possible to offer an explana- 
tion for this. Studies on these resins by Ruzieka and 
coworkers (24) indicated that, after running, or 
more correctly stated, depolymerizing these resins, 
they were composed of dibasic acids. These were  in 
a measure no doubt responsible for the acidity which 
developed. Therefore it should be possible for these 
acids to interchange with the fa t ty  acids in the oil. 
These resins always contain an ash residue, hence this 
may have been the necessary catalyst. On the basis of 
this reasoning the chemistry of the natural  resin var- 
nishes is not too far  different from that postulated for 
rosin-based resins used today. 

There is a wide variety of phenol formaldehyde 
resins with different properties. This is dependent 
upon the type and location of the substituent group 
or groups on the phenol, the ratios of phenol to for- 
maldehyde, and the type of condensing catalyst. Con- 
sequently their reactivity with oils is different. Tark- 
ington and Allen (25) visualized that active hydro- 
gen atoms probably on methylene carbon atom~, in 
oils, may react with a phenol alcohol about 230~ to 
eliminate water, probably as shown in Fi~,'ure 5. The 
substituent group on the phenol eontroN the reaction. 
Below 230~ the water that  is eliminated comes 
from the com~)letion of the resin reaction. They based 
their eonehlsions on changes in specific refraction, 
viscosity, and gel characteristics. Powers (22) based 
his conclusions on cloud-point and solubility studios. 
Evidence also ~)oints to the fact that tuno~' oil is more 
reactive than linseed oil. 

The functionali ty of oil and resin and the oil/resin 
ratio are important  in determining varnish nroPerties. 
There must be a balance between the functionali ty of 
the component oils and resins as related to the degree 

and type of unsaturat ion in the former and the num- 
ber of ester groups in both oil and resin. The latter, in 
turn, are a function of the number of hydroxyl  and 
carboxyl groups, or the functionali ty of the polyol 
and resin-modifying acid. There does not appear to 
be any good relationship between unsaturation func- 
tionality of the fa t ty  component and the hydroxyl  
functionali ty or earboxyl functionali ty if a polybasie 
acid is used, with an ultimate dried film character- 
istic as previously illustrated. 

The literature in the area of oleoresinous systems 
in regard to the functionali ty concepts has not kept 
pace with the general technology of varnish improve- 
ments. This discussion is therefore limited by the lack 
of related reliable data. 

R e c e n t  A d v a n c e s  

Recent years have not witnessed nmeh progress in 
the area of hard varnish resins. 

Soft Oil Varnishes. Since the hard resins prefer- 
ably require bodied soft oils, it is advisable to pro- 
body a large quanti ty and use an aliquot for each 
batch of varnish. A prebodied oil is necessary to 
preserve color. For  certain manufactur ing plants this 
is a disadvantage. 

It was therefore apparent  that the use of unbodied 
soft oils in varnish-cooking operations would possess 
definite advantages. A typical oil answering this 
description is soybean oil while the resin would of 
necessity require unusually high functionality. 

Resins specifically designed for this use were pat- 
ented in 1951 (26). This family of hard resins is 
based on rosin, mid alpha-beta unsaturated diear- 
boxylie acids, usually maleic, a pentaerythritol,  and 
catalyst. These resins differ from the resins, indicated 
in Table I, as being rosin adduets with mmsual ly  
high percentages, ~amely 15 to 28% of alpha-beta 
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FIG. 6. Properties of soft oil resins as related to maleie 
anhydride eontent. 
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ethylenic acids. On a molar  basis this is 0.46 to 0.86 
mole per  mole of rosin acid. This determines their  
desirable properties.  These resins have unusual ly  
high acid and hydroxyl  numbers  since the components 
are only sufficiently esterified to obtain clarity. The 
compositions of the resin and propert ies  are shown 
in F igure  6. The sp~ce between the lines AB and CD, 
relat ing acid value and percentage of maleie anhy- 
dride modification, is the area of homogeneous and 
oil-soluble resins. I f  the acid value of these resins is 
taken below the line AB, they become oil-insoluble 
and in some instances infusible. 

These resins contain unreacted hydroxyl  groups in 
the range of 3.5 to 7.6%. The presence of free 
hydroxyl  groups together with the basic catalyst  
makes ester-interchange reactions possible with the 
oils in varnish-cooking operations. This interchange 
reaction is impor tan t  and may  be entirely lost by 
gelation of the resin if too much oil, or an oil with a 
high viscosity, is used or if the acid value of the resin 
is too low. 

The oil and resin interesterifieation reaction can be 
traced dur ing the cooking process. These resins and 
soft  oils are inherent ly incompatible below 240~ in 
proport ions for  a 15-gal. varnish (55% oil). How- 
ever af ter  heating a few minutes, the melt  clears. I f  
longer oil-lengths are desired, more oil is added af ter  
reaching the clear point. The interesterifieation of 
oil and resin continues, result ing in varnishes of low 
acid value 10 or less with good colors. 

The relat ionship between varnish-cooking t ime and 
the degree of maleie modification of the resin for  a 
series of 15-gal. soybean oil varnishes to a viscosity 
of D at 50% nonvolatile in mineral  spirits is shown 
in F igure  7 (26). 

In  this family  of varnishes all the excess func- 
t ionali ty is carried by the hard  resin;  the effect of 
oil ethylenie funct ional i ty  is essentially negligible. 

Molecular size is obtained by forming a large cross- 
linked ester type of oil-resin molecules with little if 
any  carbon-to-carbon polymerization. The oil func- 
tions as a built-in plasticizer for the high polymer 
resin moiety. Consequently the oil unsatura t ion is 
reserved for film drying,  oxidation, and conversion 
f rom the liquid-to-solid phase. This is most desirable. 

At  this point, these questions remain unanswered. 

Can identical varnishes be prepared  by using a highly modi- 
fied oil with a resin with little or no modification, and an 
unmodified oil with a highly modified resin? 

I s  there u mathematical  relat ionship between varnish prop- 
erties and the total  modification found in both oil and resin.~ 

Does a high modification in the resin have a greater  effect 
on an equal weight basis than  the corresponding modification 
in the oil, or vice versa? 

These questions immediately  suggest a research 
problem which might  lead the varnish maker  to corre- 
late facts with numbers. 

Hard Oil Varnishes. The resin requirements  for  
hard  oils are different f rom those of soft oils. Unless 
proper ly  processed with the correct resins, hard  oils 
d ry  to wrinkled and frosted films in air  containing 
products  of gas combustion and ni trous oxide. This 
is known as " g a s  checking,"  or the varnish is said to 
be " n o t  gas-proof ."  This is an external  condition 
which influences the d ry ing  of the film; no gas  or 
other products  are evolved f rom the film at this stage 
of the d ry ing  process. 

The te rm " g a s - p r o o f "  originated dur ing  the days 
of the tung  oil baking varnishes and enamels. The 
ovens used in the baking operations were quite crude 
and were heated with open na tura l  gas burners  fre- 
quent ly without  flues. The finishes to be baked were 
placed in the space above the burners ;  the air  con- 
tained the products  of combustion. In  some ovens 
the conditions were more severe than in others, con- 
sequently a coating might  pe r fo rm in a sat isfactory 
manner  for one finisher and fail miserably for  an- 
other. This led to the development of certain tests 
for  determining gas-proofuess. Tung varnishes and 
enamels which passed these tests failed under  actual 
operat ing conditions. 

To gas-proof it, tung oil must  be heated rapidly  to 
about 560~ held for several minutes, and chilled 
rapidly.  This technique is known as "thermolizing" 
and is covered by a number  of patents  (27). These 
processes have now become obsolete because of the 
small volume of tung oit requirements.  

Cheap tung oil varnishes were usually made with 
ester gum as the only resin. Fo r  most purposes these 
varnishes per formed well, but  under  the above con- 
ditions they were not completely gas-proof. The use 
of modified (nonreactive type)  phenolic resins im- 
proved the gas-proofness, but, again unless conditions 
were very closely controlled, the gelation tendency 
was not eliminated. 

Varnish makers  were aware that  the degree of gas- 
proofness of a tung  oil varnish was a function of the 
tempera ture  to which the oil was heated, the length 
of the time held at  a given temperature ,  and the type  
of resin. They did not know what  actual ly was taking 
place in the oil dur ing this process but  were aware 
that  a phenolic resin was desirable. 

Obviously two things were needed, namely, a method 
for testing the gas-proofing efficiency comparable to 
the most severe operat ing conditions; and a s tudy 
of the changes in tung  oil to effect gas-proofness. An 
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ideal resin for  this use was one which would com- 
pletely gas-proof the oil at a low tempera ture  and 
at a rate such that  bodying of tung oil could be 
controlled. 

Some qualitative results reported by Oswald (28) 
ind ica ted  that  there was a relationship between the 
disappearance of the conjugated triene s t ructure  and 
gas-proofness. This was measured by the ul traviolet  
absorption characteristics between the wavelengths of 

220 and 320 millimicrons for raw tung oil, t reated 
tung  oil, and tung oil resin combinations. These re- 
sults are shown in Figures  8, 9, and 10. 

Curve B of F igure  8 shows the typical  tr iple peaks 
at 268 millimierons fo r  t r ip ly  conjugated ethylenic 
bonds of tung oil. Cur~e,, A of the same figure shows 
the characteristics of the same oil heated to 305~ 
in 18 min. and chilled instantly.  The height of the 
p2a_k in Curve A is 34% o that  of C ul~ve B, ?r  since 
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FI0. 10. Effect of various resins on gas-proofing of var- 
nishes : A--phenol ic  resin ; B - - e s t e r  gum ; C~-rosin penta- 
erythri tol  resin;  D~pheno l i c -  and maleic-modified rosin esters. 

the tung oil contained 80% of the t r ip ly  conjugated 
eleostearic acid, about 27% of the oil remained in the 
t r ip ly  conjugated form. 

The curves B, C, D of F igure  9 were obtained by 
heating the same tung oil with a rosin-pentaerythr i tol  
resin in 25-gal. proport ions to 305~ and holding 10 
and 25 min. at 305~ respectively. Curve A is the 
same as Curve A of F igure  8 and serves as the control. 
B y  apply ing  the same calculations as in F igure  8, 
the three varnish samples show 35%, 5%, and essen- 
t ial ly no triene, respectively. The varnish of Curve D 
showed no gas-checking by the more severe method 
described by Oswald (28). 

With  this resin it is obvious that  the time of heat- 
ing governs the degree of varnish gas-proofness as 
related to the residual triene content. 

F igure  10 shows the effect of various resins and the 
residual triene s t ructure  as related to gas-proofness. 
Curve A shows the triene content of a 25-gal. varnish 
in which the phenolic resin was designed specifically 
for  use with tung  oil; this was gas-proof at 7.5% 
triene. Curves B, C, and D are for varnishes eontain- 
ing 20 gallons of tung oil and 5 gallons of linseed oil. 
Curves B and C are for  a rosin pentaerythr i to l  resin 
and ester gum, respectively, and will gas-proof at  
1.5% residual triene. Curve D is for  a maleie-modified 
pentaerythr i to l  resin ester and phenolic resin. F rom 
these curves it appears  that  the degree of gas-proof- 
hess varies with the nature  of the resin. This is re- 
lated to recent work by Goldblatt,  Hopper ,  and Ray- 
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ner (29) on the prepara t ion  of tung oil a lkyd resins 
and indicates that  8% triene residue produces a gas- 
proof resin. This is in agreement  with some of the 
previous data. 

As the triene s t ructure  disappears,  a six-membered 
ring is formed by the addition of two fa t ty  chains 
probably as shown in F igure  11. isomers are possible. 
These do not show the addition of phenolic resin 
which nmy be analogous to that  indicated in F igure  
5. Obviously, if the s t ructure  of F igure  11 is the re- 
sult, there is sufficient unsatura t ion remaining for 
oxidation and fu r the r  polymerization. 

9 9 R-o-q q-o-R 
(CH~)-t (qHz)z 

HC CH 
HC CH 
HC GH 
HG + CH 

HC GH 
I t 

(c, H~)~ (C, H~)~ 
CH3 GH3 

9 
9 C -~ 9 

R-O- c (CH~), R-O-C, 9 
(,CH2) , CH (C, Hz) 7 C-O-R 

HG GH HC (CRy) 7 
HC CH HG / " " ' ~ G  H 

I . I I  I 

HG OH HC ~ C H  

NO. j - c a  HC Cll 

(H2G)'~.. / @H,) 3 HC CH 

4@ CH, (',CHub CH 
C1"t3 (CH2)3 

ANO OT.r ,SO~eRS CH 3 

Fro.  11. D i s a p p e a r a n c e  o f  t r i e n e  in t u n g  oil w i t h  f o r m a t i o n  of  
v a r i o u s  i s o m e r s ;  R is the  r e m a i n i n g  p a r t  of  g l y e e r i d e  molecu le .  

All of the varnish resins discussed up to this t ime 
required heating to produce varnishes. I t  is general ly 
felt  that  cold-cut blends of resins and oils usual ly 
yielded products  which are inferior  to the cooked 
products.  However  Breslow (30) claims that  a var- 
nish superior  to the cooked type results when a penta- 
erythri tol  ester of a dehydro-abietyl-N-substi tnted 
earbamie acid is used. 

Richardson (31) described an exception to the 
necessity of heating tung oil to obtain gas-proofness. 
A cold cut of a phenolic resin in xylene and isopropyl 
alcohol, BR 9400, proved effective with tung oil. 

In Situ Processes 

The varnish maker  has a more definite control over 
his varnish components in the in sitlt process. The 
in situ methods for  cooking varnishes vary  f rom 
simple to complex. The simplest is the prepara t ion  of 
a mixed ester or rosin and drying oil f a t ty  acids, with 
either glycerol or a pentaerythr i to l  as described in 
1937 by Rheineck, Rabin, and Long (32). This has 
been t rans la ted  in recent times to mean the use of 
tall oil. In  1956 146 million pounds of tall oil were 
produced, divided between in situ varnishes and al- 
kyd resins. Fu r the r  modifications include the use of 
alpha-beta ethylenic earboxylic acid with a penta- 
erythritol.  

An impor tan t  i tem in in situ varnishes is the polyol. 
Tess and May (33) conducted a s tudy of the effect of 
polyol var ia t ion on tall oil coatings in 1950. They 
concluded that  pentaerythr i to l  esters were the more 
stable at high temperatures .  This stabil i ty is now an 
accepted fact. Recently Vaughan (34) explained the 
stabil i ty of the neopentyl  s t ructure  on the basis of 
electronic concepts. 

Various modifications of combining monomer fa t ty  
acids and resin acids pr ior  to in sit u cooking opera- 

tions are found in the l i terature.  Scott (35) claims 
that  co-reacting rosin, f a t t y  acids, and maleie anhy- 
dride, followed by the addit ion of polyhydrie  alcohol, 
yields a bet ter  varnish than when the maleic anhy- 
dride is reacted with either monobasic acid first. 

Conclusions 
I t  seems quite apparen t  that  the use of drying oils 

in classical varnishes is giving way to the use of oils 
in similarly functioning coatings or dry ing  oil-free 
coatings. 

The ehenlistry of dry ing  oils in the varnish-cooking 
process is not too clearly established but appears  to 
be one of ester interchange between oil and resin. 
More research in this area is indicated. However  if 
fu ture  research is to be undertaken,  it must  be justi- 
fied. In  view of the declining varnish market,  this is 
doubtful.  

Lack of data  makes it impossible accurately  to cor- 
relate oil and resin funct ional i ty  into a usable mathe- 
matical  relationship. 
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